data the shape factor for spheroidal
material is unity.
NOTATION

A = coefficient, 1b.,
D = tubc diameter, ft.

D, = particle diameter, ft.

g. = conversion factor, (Ib../lb.,)
(ft./sec.”)

k, = coefficient, 1b.,/sq. ft.

ke — coeflicient, dimensionless

In = logarithm to base ¢

L/x = particle edge to thickness
ratio, dimensionless

S/8. = platelike  particle  surface
area/equiaxial particle sur-
face arca, dimensionless

\%4 = mean velocity, ft./sec.

Greek Letters

) = coelficient of rigidity, 1b.../
ft. scc.

® = viscosity of suspending mc-
dium, 1b../ft. sec.

o = logarithmic standard devia-
tion, dimensionless

Ty = vield stress, 1b.,/sq. ft.

Tw == wall shear stress, lb.,/sq. ft.

é —~ volume fraction solids. di-
mensionless

¥ = shape factor, dimensionless
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Laminar Boundary Layer Flow and Heat
Transfer Past a Flat Plate For a Liquid
of Variable Viscosity

A soluticn for the problem of incompressible laminar boundary-layer flow and heat transfer
with variable viscosity is presented. Because of the variation of viscosity with temperature the
velocity and temperature fields interact mutually. This necessitates the simultaneous solution
of the momentum and energy equations. The analysis is carried out for the case where heating
begins at the leading edge of the plate. The results show the effect of the important variable
property parameters on the friction factor and the heat transfer coefficient. These parameters
are seen to be the temperature difference between wall and free stream, the viscosity tempera-
tura variation law, and the Prandtl number at the wall. The results are applicable to liquids.

The laminar boundary-layer equa-
uuns for incompressible flow and heat

O. T. Hanna is with the Jet Propulsion Lab-
oratory. Calitornia Institute of Technology, Pasa-
dena, California.
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transfer past a flat plate maintained at
a constant temperature have been
solved exactly for constant properties
(I). In addition Eckert (2) has given

A.1.Ch.E. Journal

O. T. HANNA and J. E. MYERS

Purdue University, Lafayette, Indiana

a useful approximate solution for flow
with constant properties, which ac-
counts for the effect of an unheated
starting length on heat transfer. When
heating starts at the leading edge, the
Eckert solution reduces to a form
which is in agreement with the exact
solution. These relations are useful in
many cases, but there is doubt con-
cerning their validity in the case of
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Fig. 1. The effect of variable viscosity on the
velocity profile.

high-temperature differences or for
fluids having viscosities that are
strongly temperature dependent. Sev-
eral attempts have been made to take
into account variable fluid properties
in different flow situations. Eckert (3)
suggests a reference temperature to
evaluate fluid properties for laminar
flow past a flat plate when the Prandtl
number is constant (gases). For lam-
inar flow in a tube Sieder and Tate
(4) recommend a correction factor of
{ps/pw )™ to account for nonisothermal
effects on heat transfer and friction co-
efficients. The purpose of this paper is
to clarify the effects of variable viscos-
ity on heat and momentum transfer for
incompressible laminar flow of a liquid
past a flat plate.

In forced flow the velocity and tem-
perature fields do not interact mutually
when fluid properties are constant.
However when the viscosity varies the
fields do interact, and thus the situa-
tion becomes much more complex. In
this analysis the viscosity will be as-
sumed to be an arbitrary function of
temperature, while the thermal con-

ductivity will be assumed to be con-
stant. This is the case with most lig-
uids.

ANALYSIS

Consider the laminar boundary-layer
equations of momentum and energy
written for incompressible flow with
constant heat capacity and thermal
conductivity:

( du N vau ) 0 u )
u— — =\ p—
PN e T %y Tay\ Moy

(1)
at ot o't
Cpp(u—+v-—>=k (2)
9x oy oy*

By integration with respect to y be-
tween the wall and the edge of the
momentum and thermal boundary lay-
ers respectively these equations are put
into their well-known integral forms:

of the velocity profile will be made on
the assumption that the fluid viscosity
is an arbitrary function of temperature.
The final results reduce to those of
Eckert in the limiting case of constant
viscosity.

It is assumed that the velocity pro-
file can be approximated by a third-
degree polynomial:

u=C,+ Cy + Cy* + C* (5)

Here C, to C, may be functions of x.
This profile must satisfy the conditions

(a) u=20 at y=20

(b) u=U at y..—_:S
d

(c)a—::-= at y=3

And finally, applying Equation (1) at
y = 0, one gets

Fu ou op

d —_— — =0 aty =0
d °'u(1 u)d_ Vwau) () ’Lay) dy dy y
dx¥e U U y= U 0y /. Using these conditions to evaluate C;
(3) to C, one obtains
3 3 2 8
__l__A(i> _i(Lﬂm(l>
u 238 4 b 2 S (6)
U 1—0.95A
d (“u ] where
E YR y
de* U é A= = _’i) (1)
o ay w

a df
- =% (4)
Ug oy
Here § = t, — t,, is constant. If the
velocity and temperature profiles are
known, the heat and momentum trans-
fer problems can be solved by Equa-
tions (3) and (4). Eckert (2) has suc-
cessfully applied this method to make
heat and momentum transfer calcula-
tions for incompressible laminar flow
past a flat plate of a fluid with con-
stant properties. The general procedure
here will follow that of Eckert with
one principal exception. The estimate

w

5

2.5

o

Fig. 2. Ratio of boundary-layer thicknesses vs. Prandt! number ot wall temperature.
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Since p is an arbitrary function of tem-
perature

6;1,) _ d,u,) at)
/.  dt/. oyl

= ($o) hid )

% (8)

w

Thus

st at) ©)

Tt oy

Since u is a function of A and A is a
function of the temperature distribu-
tion, the velocity and temperature pro-
files interact mutually. Therefore the
integral momentum and energy Equa-
tions (3) and (4) must be solved
simultaneously. Knudsen and Katz (5)
show that for A = 0 Equation (6)
represents the exact velocity profile for
isothermal flow quite well. Thus for
constant properties

U 2 38 2 \§

It can be shown from similarity con-
siderations that if Equation (10) is
true, then the temperature distribution
for constant wall temperature is of the
same form as Equation (10) where

u/U is replaced by 9/6 and § is re-
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placed by §&. Thus the temperature
distribution is
)

g 3y 1 ( y
8’
This can also be obtained by postulat-
ing a third-degree polynomial in y for
the temperature distribution, such as
Equation (5), and evaluating the four
coeficients by means of the boundary
conditions:

files for various values of A are shown
in Figure 1. For positive values of A
(heating a liquid) the profile is seen
to be flattened, while for negative
values (cooling a liquid) the profiles
have a point of inflection. This be-
havior is in accord with qualitative
notions concerning velocity profiles
with variable viscosity.

First, the most important problem
of 4 = 1 will be considered. This turns
out to be approximately the case for

Ny, = 1.0. For convenience one de-
(a) t=t, at y=20 fines A = D/n. Combining Equations
(b) t=t at y=5 (8) and (6) and carrying out the in-
* tegration one gets
117 d ) Y 3 1
—_— — —————— [1 — 0524 + 0.0577A* |\ = — ¢ —  —
840 dx{ (1 —0.25A)* [ + ]} U 2§ (1—0.25A) (13)
at , The energy relation is obtained by
(c) Pl 0 at y=29 combining Equations (4), (6), and
y (11) and integrating
ot
(d) =0 at y =0 (since d f & 3 D 83Dy
v Fiosx o n +am ]
k is assumed dx|1—0.25A L20 32 '~ 280

constant)

For the isothermal case Eckert’s solu-
tion (2) indicates that § is proportional
to p*, while & is proportional to ™.
Since the dimensionless velocity and
temperature profiles in this case are
the same function of 8§ and & respec-
tively, it can be seen that the velocity
profile will be affected much more by
viscosity variation than the tempera-
ture profile. Further, use of analogous
boundary conditions for both velocity
and temperature profiles results in the
variable viscosity temperature profile
having the same form as that for con-
stant viscosity. The nonisothermal tem-
perature profile is actually different
however since & depends upon the
viscosity variation. The effect of vis-
cosity variation upon the temperature
profile does not show up directly in
the boundary conditions used to evalu-
ate coefficients in the temperature pro-
file until */dy® is considered. Thus it
it felt that the use of the constant
property form of the temperature pro-
file in dealing with the nonisothermal
problem is certainly justified.

From the temperature distribution,
Equation (11), the final expression for
A is obtained:

A DK (t.) 8 0
p(te) 2 &
3 & (1) 2
_-— — 12
2 p(te) = (12)

Here 4 is the ratio of the thermal to
the momentum boundary-layer thick-
ness. From Equations (6) and (12)
the effect of variable viscosity on the
velocity profile is seen. Velocity pro-
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a 3

=U'28n

(14)

Equations (13) and (14) are simul-
taneous differential equations relating
3, w, and x. For constant properties (4,
D = 0) the momentum equation may
be integrated directly, thus providing
a relation between 8 and x which may
then be used to integrate the energy
equation, so that 5 is found as a func-
tion of x,, the position where heating
is started.

The elimination of x from Equations
(13) and (14) results in a differential
equation relating § and ». From this
equation it can be shown (see Appen-
dix) that for x, = 0

This relates 5 to the variable property
parameters, and it is seen that % is in-
dependent of x for x, = 0. This is also
true for Eckert's constant property
solution. Since this is the case, Equa-
tions (13) and (14) can be integrated
immediately for this case. When Equa-
tions (18) and (14) are combined
(for x, = 0), Equation (15) is again
obtained. For constant viscosity D =
0 and Equation (15) reduces to the
well-known cube root relation of
Eckert (2).

By integrating Equation (13) and
rearranging one obtains

5 464
T N
[ 1—0.25A s
1— 0.524 + 0.0577A° ]

(16)

Here Neeyw = xU/v,. The friction
factor is defined by
v, du
f= 22%) )
ay w

The velocity profile, Equation (6), is
combined with the expression for 8/x,
Equation (16), and substituted in
Equation (17) to give

0.664
f - Nl/zlite,,,w
1 — 0524 4 0.0577A* T
[t s Ty
(1 —0.25A)°

The heat transfer coefficient is defined
by

k at)

9 3y .
Equation (11) is used to obtain the

h= (19)

Nrry = temperature gradient at the wall. The
D D’ result is combined with Equations
1—0.52 —7’ + 0.0577 -17—2 (16) and (19) to give
1.08 * [1 — 0.208D + 0.0715Dn] . 0.324 N*zeq,0
(15) M
Z'T 0=10 05 0.2
N e PElE
Lol — / //
C / / 0.05
05
=A
D/,l 0.25 — ////
B T o =
.1 - ]
r 4 L1
0.05F—-
ocangm 1 11 111l l 1 1 LIl 1 L1 LI
825 05 | 25 5 100 250 500 1000

Fig. 3. Function A = D/ vs. Prandtl number at wall temperature, D positive.
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Fig. 4. Function A = D/m vs. Prandtl number at wall temperature, D negative.
117 D D?
— | 1 —-0.52— + 0.0577 —
840 n 7
Nrery = (21)

(6 +5D) 9D

[3 (12 + 3D)
I

8" 32

1— 0.524 + 0.0577A® T
[ + ] (20)
1—0.254

Equations (18) and (20) reduce to
Eckert’s solution for A and D equal to
Zero.

For liquid metals, which have low
Prandt]l numbers, 4 is much larger than
unity. For this case the same procedure
can be used, except now the integral
in Equation (4) must be broken into
two parts since Equation (6) repre-
sents the velocity distribution only for
0<y<dandu=Uford <y <9,
With this procedure a straightforward
calculation shows that for this case,
when heating starts at the leading edge

40y 1604

This relation reduces to one given by
Eckert (2) for liquid metals when
D = 0.

Equations (16) and (18) are valid
for liquid metals, since the momentum
Equation (13) is unchanged for y > 1.
The heat transfer coeflicient is again
given by Equation (20), except that
now 7 must be determined from Equa-
tion (21) rather than from Equation
(15).

DISCUSSION

It can be seen from Equation (6)
that the velocity profile has a singular
point at A = 4. However before this
value is reached the profile gives val-
ues of u greater than U at some points

yd

/

v

-

-2 o +2

A=D/n

Fig. 5. Variation of friction factor ratio with function A =
D/n.
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within the boundary layer. For the
profile given by Equation (6) this be-
havior begins at A = 2, so that Equa-
tion (6) does not give a physically
realistic velocity profile for A > 2. This
is similar to the case of constant-prop-
erty flow with a pressure gradient as
discussed by Schlichting (I). Thus the
results given here, based on Equation
(6), are valid only for A < 2. The
range of values of A for which the
velocity profile is physically meaning-
ful could be extended by assuming a
higher degree polynomial for the pro-
file, thereby making it fit more bound-
ary conditions. The variable viscosity
velocity profiles are qualitatively simi-
lar to constant viscosity velocity pro-
files for flow with pressure gradient
(1).

Graphs of several of the above rela-
tions are shown. Figure 2 shows Equa-
tion (15) plotted as # vs. Ner, for
various values of D. The curves show
that for positive values of D (heating
a liquid) the value of % is below that
predicted by the constant property
equation (D = 0) for the same wall
Prandt] number. This is to be expected
because the effective viscosity in the
boundary layer is greater than that at
the wall, which would indicate a
smaller value of 5. For negative values
of D (cooling a liquid) the converse
argument is true. Plots of A vs. Nrry
and D for various values of D are also
shown in Figures 8 and 4; from these
n can be determined more accurately
for a given Nr., and D because A has
a greater range of variation than =
The relation between f/f, and A, where
f. is the isothermal friction factor
evaluated at the wall temperature, is
shown in Figure 5. Referring to this
figure one sees that f/f, is greater than
1.0 for A > 0 (heating a liquid); the
effective viscosity is greater than the
viscosity at the wall, and thus it
would be expected that f/f, would be
greater than 1.0, which is the case.
The converse argument for A < 0 is
also applicable. Because the ratio of
the actual heat transfer coeflicient to
the isothermal coefficient evaluated at
the wall temperature depends on both
Nrr, and D, it is not shown graphi-
cally here. The effect of variable vis-
cosity on the heat transfer coefficient
is considerably less than on the friction
factor, since the temperature distribu-
tion is less dependent on viscosity than
is the velocity distribution. However
the variations in the coefficient would
be expected to be slightly more than
predicted here, since the effect of
variable viscosity on the temperature
distribution was not taken into ac-
count. Reference to Figure 6 shows
the typical behavior of heat transfer
coefficients.
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P.andtl number at wall temperature.

The method of representing the
variation of viscosity with temperature
does not affect the final results. Either
an analytical equation or viscosity-
temperature data may be used to de-
termine the value of uw'(t.)/p(tw).
When this value is known, it remains
a constant in the remainder of the
solution. Frequently the simple ex-
pression (p/p,) = (#/t,)" represents
with sufficient accuracy the viscosity
variation of liquids with temperature.
Information of this type is available
for example in Perry (6).

A comparison between f, the fric-
tion factor computed from Eguation
(18), and f., the one calculated from
the isothermal relation by the arithme-
tic average of the wall and free stream
temperdture to evaluate the V150051ty,
is shown in Figure 7. This graph shows
the ratio f/f. vs. t. for a given t,. This
demonstrates the situation for both
heating and cooling of kerosene and
water. The curves show that the effect
of variable viscosity is greater for the
fluid having a higher wall Prandt!
number. This is to be expected, be-
cause the thickness of the thermal
boundary layer is strongly dependent
on the Prandtl number. Since the ve-
locity profile is changed most in the vi-
cinity of the wall owing to a variable
viscosity, the temperature profile will
undergo the greatest change when the
thermal boundary-layer thickness is
small compared with the momentum
boundary-layer thickness, or for higher
Prandt]l numbers.

NOTATION

A = (8/pw) (8p/0Y) .

C, = heat capacity

D = A/y

f = friction factor, 2r,/pU”

fa = friction factor evaluated at

(t, + t./2)

fo = friction factor evaluated at
the wall .temperature

h = heat transfer coefficient, —
qw”/a

h, = heat transfer coeflicient eval-
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Fig. 7. Friction factor ratio vs.

uated at the wall tempera-
ture

k = thermal conductivity

Nrey,w = xU/v, = Reynolds number
based upon x, v,

Ne+y = vo/a = Prandt]l number at the
wall

N»uw, = hx/k = Nusselt number based
upon x

Nsi, = h/C,Up = Stanton number
based upon U

g.” = heat flux at the wall

t = temperature

tw = wall temperature

fo = free stream temperature

u = longitudinal velocity compo-
nent

U = free stream velocity

v = transverse velocity compo-
nent {normal to plate)

x = longitudinal distance variable

X, = position where heating is be-
gun

y = transverse distance variable

(normal to plate)

Greek Letters

thermal diffusivity, k/C,p
momentum  boundary-layer
thickness

value of § atx = «x,

thermal boundary-layer thick-
ness

¥/8

viscosity

kinematic viscosity

density

t—ts

t,—tw

= shear stress at the wall
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APPENDIX
Determination of 1 for x, —= 0
Letting
W 3 D 3Dn
Bim)—— _[2_D 3D
1 —0.23A" 20 -32 280
(22)
and
1 — 0.52A + 0.0577A*
E(n) = + . (23
(1 —0.25A)
one can write Equations (13) and (14) as
117 d
—— | dE
840 dx [ ]
Vw 3 1
_____ —_— (24)
U 25 (1—025A)
onm] =2 (25)
x 1 T u 2 dm

By eliminating x from these two equations,
one obtains

d[8B]
d[8E]

117 (1 —0.254)
840

= F(n)
(26)

Separating variables and integrating, noting
than n = 0 at § = 3., one finds

" dB — FdE
& = &, exp
n=0 "FE—B

Now as &, - 0, d at points downstream
must remain nonzero (except in the special
case where x = 0). If this is to be true,
it is seen from Equation (27) that as
8% = 0 (FE — B) — 0. Thus for the
case of 8, = O (which is the same as
%o = 0)

NPrw'n

(27)

EF =B (28)

Substituting into Equation (28) the values

of E, F, and B given by Equations (23),
(26), and (22) respectively one finds
D D
1—0.52 — 4 0.0577 —

7 w

1.08 n* [1 — 0.208D + 0.0715Dn]
This is seen to be Equation (15).

Nrrp =
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